Let D be a division ring with center F . If G is a locally solvable subnormal subgroup of D * , then G is contained in F . This generalizes the results of Stuth and Huzurbazar which asserted that any weakly nilpotent or solvable subnormal subgroup of D * is central.
Introduction
The subnormal subgroups of the multiplicative subgroup D * of a division ring D have been studied for a long time by many authors. A well-known result of L. K. Hua says that if D * is solvable, then D is a field. Several authors then considered subnormal subgroups of D * of some special types such as nilpotent, solvable, locally nilpotent subnormal subgroups. In this direction, Stuth [4] asserted that every solvable subnormal subgroup of D * is central, i.e, it is contained in the center F of D. In [3] , Huzurbazar showed that this result remains true if the word "solvable" is replaced by "weakly nilpotent". (A group G is called weakly nilpotent if every two elements generate a nilpotent subgroup.) It is more difficult to handle the case "locally solvable", and it is unknown that whether every locally solvable subnormal subgroup of D * is central or not. Relating to this problem, the authors in [1] showed that the question has positive answer in the case when D is algebraic over F , and perhaps there have been no better results until now. By a careful reading of the excellent work of Wehrfritz [5] , we may show that the question has the positive answer in the general setting.
Throughout this note, if D is a division ring with the center F and S ⊆ D, then F [S] and F (S) denotes respectively the subring and the division subring of D generated by F ∪ S. For any group G, let T (G) be the unique maximal periodic normal subgroup of G, and B(G) a subgroup of G defined by B(G)/T (G) is the Hirsch-Plotkin radical of G/T (G). Also, if H is a subgroup of G, then we denote by N G (H) the normalizer of H in G.
Results
The following result is a key point in proving the main result of this note. Proof. There is nothing to prove if D is commutative. Assume that D is non-commutative and that G ⊆ F . Since G is subnormal in D * , there exists a (finite) series of subgroups G = G r G r−1 · · · G 1 = D * .
It follows by Lemma 2.3 that N D * (G) = GF * , which is a locally solvable group. Since G r−1 ⊆ N D * (G), we conclude that G r−1 is a locally solvable group. By induction, we have D * is also locally solvable. According to Lemma 2.4, one has D is commutative, which is a contradiction.
